
The Riemann-Stieltjes Integral 

Having discussed the Riemann theory of integration to the extent possible within the scope of the present 
discussion, we now pass on to a generalisation of the subject. As mentioned earlier many refinements 
and extensions of the theory exist but we shall study briefly-in fact very briefly-the extension due to 
Stieltjes, known as the theory of Riemann-Stieltjes integration. The most noteworthy of the extensions, 
the Lebesgue theory of integration will be however discussed later in chapter 19. 

It may be stated once for all that, unless otherwise stated, all functions will be real-val~d and 
bounded on the domain of definition. The.function a will always be monotonic increasing. 

1. DEFINITIONS AND EXISTENCE OF THE INTEGRAL 

Let/and a be bounded function on [a, b] and a be monotonic increasing on [a, b], b a. 

Corresponding to any partition 
P ={a= Xo, x1, ••• , xn = b }, of [a, b] 

we write 
11a; = a(x;) - a(x;_ 1), i = 1, 2, ... , n. 

Is is clear that 11a; 0. As in§ 1.1 Ch. 9, we define two sums, 
n 

U(P, f, a)= !. M; 11a; 
i•I 

" L(P, f, a)= !. mi 11ai 
l • I 

where 111
1
, M

1
, are the bounds (infimum and supremum respectively) of/in AXj, respectively called the 

Upper and the Lower sums off corresponding to the partition P. 
If m, Mare respectively the lower and the upper bounds off on [a, b], we have 

m Sn~ s; M1 SM 
m !1a1 S m i /1a1 S M ,, 11a,. s; M !1a1• 11a, 0 

Putting i = 1, 2, ... , n and adding all inequalities, we get 
m{a(b) - a(a)} s; L(P, f, a) S U(P, f, a) S M{a(b) - a(a)} (1) 

As in Riemann integration, § 1.1, we define two integrals, which always exist by a similar reasoning, 
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-b 1 fda=inf.U(P,f,a) 

r / da = sup. L(P, f , a) (2) 

the infimum and supremum being tak;n over all partitions of [a, b] . These are respectively called the 
upper and the lower integrals of/with respect to a. 

These two integrals may or may not be equal. In cases these two integrals are equal, i.e., r f da =ff da, 

we say that/ is integrable with respect to a in the Riemann sense and write f e [a, b] or simply 
M:'(a). Their common value is denoted by 

b Jt da 
a 

or sometimes by 
b J f(x) da(x) 
a 

and is called the Riemann-Stieltjes integral (or simply the Stieltjes integral) off with respect to a, over 
[a, bJ. 

From (1) and (2), it follows that 

b - b 
m{a(b) - a(a)} :5: L(P, f, a) :5: L f da :5: L f da 

:5:U(P,f,a) :5:m{a(b)-a(a)} (3) 

Remark. The upper and the lower integrals always exist for bounded functions but these may not be equal for all 
bounded functions. Such fimctions are not integrable. Thus the question of their equality and hence that of the integrabUity 
of the function_ is our main concern. 
The ~-Stieltjcs integral reduces to Riemann integral when a(x) = .>: • 

. 1 Some Deductions 
(i) H I e 9i?(a), then 3 a number l lying between the bounds of/ such that 

b f Ida= A{a(b) - a(a)} (using 3) 
a 

(ii) If /is continuous on [a, bJ , then 3 a number; e [a, b] such that 
b f Ida=/(~) {a(b) - a(a)} 
a 
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(iiz) If f e 9t'(a), and k is a numbe .h r sue · that 

I /(x)j S k, for-all xe [a·, bJ 
then 

b 

ff da S k{a(b) - a(b)} 
a 

(iv) If f e 9t'(a) over [a, bJ and f (x) 0 for all , [ b] th , xe a, , en 
b 
ff da {~ 0, b a 
a S 0, b Sa 

_Since f(x) O, the lower bound 0 and therefore the result follows from (3). 

(v) If f e 9t'(a), g e 9t'(a) over [a, b]isuch that f~x_) g(x,), then 
b b 

ftda~Jfda,b~a. 
a a 

and 
b b J f da S Jg da , b,S-a 
a a 

The result follows by reasoning similar to that of Deduction 5 § 1.4, Chapter 9. 

1.2 Refinement of Partitions 
Theorem 1. If p* is a refinement of P, then 

(i) L(P*. /,a)~ L(P, /, a), and 

(ii) L(P*, /, a) :s; U(P, /, a). 

m 

Let us prove (ii). 
Let P = {a= x

0
, x

1
, ••• , xn = b} be a partition of the given interval. Suppose first that P"' contains just 

one point more than P. Let this extra point belongs to Axt, i~ .• X;-1 < < X;, 

As/is bounded over the entire interval [a, b], itis bounded on every sub-interval ¾ (i = l, 2, ... , n}. 

Let W
1
, W

2
, M; be the upper bounds (supremum) of /in the intervals [X;-1, ~), [~ • .t;), [.t;_ 1, .t;], 

respectively. 
Clearly 

Wj :s; M;, W2 :s; M;, 
U(P*. f, a) - U(P, J, a)= Wj{a(~) -a(x; - 1)} + W2{a(x1)-a(~)} 

-M1{a(x;)-a(.t; _1>l 
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+ <Wz- M;) {a(x;) - a(~)} S 0 

== (Wi-M;} {a(~)- a(.r; -1>} 
U(P•, f, a)~ U(P, /, a)th bO'Ve reasoning m times and arrive at the p we repeat e 8 resu11 

If p• contains m paints more than ' 

(ii). 
The proof of (l) is similar. 

Theorem 
2
. For any rwo partitions P1, Pz, L(f1, f, a)~ U(Pz, f, a) 

b I 
than any Lower sum. 

i.e., no upper sum can ever e ess 
Corollary. For a bounded Junction f. -b J: f dlXX L JdlX 

The proofs are similar to that of Theorem 2 Chapter 9. 

Ex. If p• ;;? P, then show that 
U(P·, f, a) - L(P., f, a)~ U(P, f, a) - L(P, f, a) 

2. A CONDITION OF INTEGRABILITY 
Theorem 3. A junction f is integrable with respectto a on [ a, bl if and only if for every , > o lhe 

• • 
exists a partition P of[ a, b J such that 

U(P, f, a) - L(P, f, a)< e 

Necessary. Let f e !Jf(a) over [a, b] r f da = f- bf da = Jb f da 
a a a 

Let e > 0 be any number. 
Since the upper and the lower integrals are the infimum and the su re . . 

upper and the lower sums, therefore 
3 

partiu· p d P mum, respectively, of the ons I an P 2 such that 
-b b 

U(Pi, f' a)< L f da + ½e = J f da + ½e 
a 

-b b 
L(P2, f, a)> f f da - le= f fd i a 2 a - 2e 

Let p = P, U P, be th a I 2 e common refinement of p d p 
• I an 2· 

. . U(P, f , a)~ U(P. a) I• ' 
b 

<ff da +le< L a 2 (P2,f, a)+e5.L(P f ) , ,a +e 
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U(P, f . a)- L(P, / , a)< g 

Sufficient. For e > 0, let P be a panition fur which 

U(p, f , a) - L(P, /,a)< 6 
For any partition P, we know that . -. 

L(P, f, a) s J. / da s J. / da s U(P, J, a.) 

JJda-Jfda SU(P. / , a) - UP,f.a ) <B 

But a non-negative number can be less than every po&tive number, if it ls zero. r fda-J: fda 

so that f e 9i'(a), over [a, b]. 

3. SOME THEOREMS 

(a) If / 1 e ~ (a) and / 2 e 9e(a) over [a, b), then 
b b II 

/1 + / 2e 9P (a) and J (/1 + / 2) da = J f, da + J /2da 
a a a 

(b) If f e ~ (a), and c is a constant, then 
b b 

cf e 'Ji(a) and J cf da = c J f da 
a a 

(c) If f1 e .9i'.' (a), f 2 e .9i?(a) and f 1(x) S / 2(x) 011 [a, b] then 
b b J /1 da s J /2 da 
a a 

(d) If f e YP (a) over [a, b] and if a< c < b, then 
f e Yf(a) on [a, c], and on [c, b) 

C b b 

and J f da + J f da = J f da 
a c a 

(e) If f e 9f (a) over [a, b], then 

I f I E ,<'(a) and I ! f da \ S ! I f I da 

(j) If f e Jf(a ) on [a, b] then 

/2 e .;}f'(a ) 



,, 

, 
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b 

7t(a2>• ,1,en Jb f dtxi + J f da2 
If fE gi'(a,) and fE . fb f d(iXt+a2)=== a a 

(g) +ai>and 
/ E !J/((l.1 a then 

. . constant, os111ve b 
) and c a P b J f da and if f e .??((!. f d(ca)::: c · 

M(c{X)and f a 
/ E ,'fi, a 

T 0 t/==Ji + h• 1 11 M th ho (a) 1-"' ] ,. M'· m,, M;; Tnj, ; e undsofJi 
. ded on [a, b . . f [ b] and m, " ' , ,, 

Clear)' f IS t,oun artinon O a, 
==b} i,eany p 

If p == { 0 == Xo• XI .•. , Xn 

. tu then M' + M~ d/, respecnvely, on ', ' ,, < m M; ; ' 
h an , m; + m - . ualities for i = 1, 2, 3, ... , n. 

d dding all these ineq 
Multiplying by tJ.a; an a 

a <(P,J,a)~U(P,J,a) 
we get L(P, Ji, a)+ L(P, /2, ) - (1) 

::,; U(P, J;, a)+ U(P, fz, a) 

Let e > 0 be any number. 3 am· tions P1 p 2 such that we ) therefore P ' Since J;e ge(a)./2E .71, a' 1 
' U(Pi, Ji, a) - L(Pi, Ji, a)< Ie 

U(Pz, fz, a) - L(P2, /2, a)< ½e 

a refinement of P1 and P2-

U(P, Ji, a)- L(P, f., a)< ½e 
U(P, f2, a) - L(P, /2, a)< ½e 

Thus for partition P, we get from (1) and (2), 
U(P, f, a) - L(P, /.a)~ U(P, Ji, a)+ U(P, / 2 , a) - L(P, f 1, a) - L(P, f2, a) 

<le+ le= E 2 2 

=> f e M'(a) over [a, b] 

Let us now proceed to prove the second pan. 

(2) 

Since the upper integral is the infimum of the upper sums, therefore 3 partitions p I' p 2 such that 

b 

U(fi, Ji, a)< J /1 da + ½e 
/, 

U(/~. ii, a)< J !2 da + fe 
ll 
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If P = Pi u P2, we have 

For such a partition P, 
b 

b 

u (P, Ii' a) < f Iida + ½ E 
a 
b 

U(P, / 2, a)< J /2 da + ½ E 
a 

ff da 5. U(P, f, a) 5. U(P, / 1, a)+ U(P, / 2 , a) [from (I)] 
a 

b 

5. f !1 da + f /2 E [using (3)] 
a a 

Since E is arbitrary, we get 

\ b b b ff da 5. f /1 da + f f 2 da 

Proceeding with (-ft) and (-fz) instead of/1 and/2, we get 
b b b ff da f /1 da + f /2 da 
a a a 

(4) and (5) give 

b b b ff da = f Iida + f /2 da 
a a a 
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(3) 

(4) 

(5) 

(g) Since f e 9i?(a1) and / e 9i?(a2), therefore for E > 0, 3 partitions P1, P2 of [a, b] such 
that 

Let P= Pi u P2 

U(Pi, f, a,) - L(Pi, f, a,)< ½e 

U(P2 , f, a2) - L(J>i, f, a 2) < ½e 

U(P, f, a1) - L(P, f, a1) < ½e 

U(P, f, a2 ) - L(P, f, <X2) < ½e 
Let the partition P be {a= x0, x1, x2, ••• , x,, = b}, and m;, M; be bounds of/in Ax;, 

Let a = a, + a2• 

a(x) = a1 (x) + a2 (x) 

£\xii = a1 (x;) - a, (x; _ 1) 

(1) 



I 
I 
I 

- r,_(x:) -ltz(X;-1> Ax,z; _.,../, I 

fM· :::a(x;)-a(x;-1> 
' ( ) + n-(X·) - iXt (X; -1) - (X; - 1) 

::: CX1 X; ' .._./, I 

:: /lCXu + llCX2; 

U(P, f' a)==~ M; llCX; • 
== ± M; (Mli + Mu) 

== J(P, J, a1) + U(P, f, az) 

Similarly, 

l 
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(2) 

(3) L(P, f, a)::; L(P, f, a1) + L(P, f • a2) 

U(P, f, a)- L(P, f, a)::: U(P, f ,,a1) - L(P, f, a1) 

+ U(P, J, a2) - L(P, f, a2) 
.. 

< ½ e + ½ e = e [using (1)] 
)1L · 

=> f e .~ (a), where a= a 1 + a 2 

Now to prove the second part, we notice that 
b 

J f da .= inf U(P, f, a) 
a 

= inf {U(P, f, a1) + U(P, f' a2H 
;?: inf U(P, f, a1) + inf U(P, f, txz) 

b b 

= ff da1 + J f da2 
a a 

Similarly, 

b ff da = sup L(P, f, a) 
a 

From (4) and (S), 

b b 

s jJda1 +ffda 
a 2 

a 

where a-a - ,,+a 2· 

Ii ff da = Jb f d . Jb 
a al+ f da. 

" 2 a 

(4) 

(5) 
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The proofs of the remaining parts are so similar to the above proofs and virtually identical to those 
of the corresponding theorems for Riemann integral that it is a mere repetition and are therefore left to 
the reader. 

Corollary. If Jie -~ (a) and / 2E .1Jf(a) over.[a,b], then 

/1· /2E ~ (a) 

We know that if/1,/2 are integrable then / 1 + / 2, f1 - / 2, / 1
2 , fl, are all integrable. 

Also, then (Ji+ / 2>2, (Ji- / 2)2 arc integrable. 
Now 

4 /1 . /2 = (Ji + /2 >2 - (/2 - /2 )2 
f1 · /2E 9i'(a) 

4. A DEFINITION (Integral as a limit of sum) 
As an analog to the Riemann sum, we introduce a sum which will lead to a sufficient condition for the 
existence of a Riemann-stieltjes integral. 

Definition. Corresponding to a partition P of [a, b] and t;E dx;, consider the sum 
n 

S(P, f, a)= I, /(t;) M; 
i=I 

We say that S(P, f, a) converges to A as µ(P) 0, i.e., 

lim S(P, f, a)= A 

if, for every e > 0 there exists o > 0 such that IS (P, f, a) - Al < e, for every partition P = { a = Xo, x1, 

Xi, ... , xn = b}, of [a, b ], with mesh µ( P) < o and every choice of t; in dx;. 

'Ibeorem 4. If lim S(P, f, a) exists as µ(P) 0, then 
b 

/ e 9t'(a), and lim S(P, f, a)= Jt da 
a 

Let us suppose that lim S(P, f, a) exists as µ(P) 0 and is equal to A. 

Therefore for e > 0, 3 o > 0 such that for every partition P of [a, b] with mesh µ(P) o and 
every choice of t; and dx;, we have 

IS(P, f, a) - Al< ½e 
or 

A - ½e < S(P, f, a)< A+ ½e (1) 

Let p be one such partition. If we let the points t; range over the intervals 6.x; and take the infimum 

and the supremum of the sums S ( P, f, a), ( 1) yields 



I 
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A - ½ e < l..(P, f, a) s U (P, f, a) < A + ½e 

=> U(P, f , a)- L(P, f , a)< e 

=> f e .~ (a) over [a, b] 

b 
Again, since S(P, f , a) and J f da lie between U(P, f, a) and UP, f, a) 

a 
b 

S(P, f , a)- J f da S U(P, f, a) - UP, f, a)< e 
a 

b 

=> lim S(P, f, a)= Jt da 
a 

(2) 

R~ 'lbet4eoremassertstbattbeexistenceofthelimitof S(P, f, a ) implies that/ e ~ (a). TbecxisteQi:e 
of the limit is a sufficient condition for / e ~ (a) but as shown in Example 3 it is not a necessary condition, i.t., 
functioos,exi,st which are integrable but for which limit of S(P, f, a ) does not exist. Thus whenever lim S(P, J, a) 

exists. i(is equal to J f da. But when / e 9'?(a) nothing can be. said about the existence of lim S(P, f , a). 

Theorem S. If f is continuous on [a, b] then f :: gp(a) over [a, b]. Moreover, to every e > 0 there 

corresponds a a > 0 such that 
b 

S(P, f,a)- Jfda <E 
a 

for every partition P = { a = x0, x,, x2, .. . , x. = b} of [a, b] with µ(P) < 8, and for every choice oft; in 

!ix;, i.e., 

b 

lim S(P, f, a)= Jt da 
a 

[We still assume that all functions are bounded and a is monotonic increasing.] 

Let e > 0 be given, and let us choose 1J > 0 such that 

. 71{a(b)- a(a)) < e (l) 

Smee continuity off on the closed interval [a, b] implies its unifonn continuity on [a b] therefore 
for 1J > 0 there corresponds 8 > O such that ' 

if(t,)-f(t2)i<11, iflt1-t2 l<8 , t1,t2e[a,b] 

Let p be a partition of [a, b], with norm µ(P) < 8 . 

(2) 
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Then in view of (2), 

••1'6 o.-, / II r 

M;-m;:S71, i=l,2, ... ,n 
U(P, f' a) ~ L(P, f' a)= L(M. - m.) Ax-

; I I I 

:S 71 LAX, 
• I 
I 
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==> f E .Slf'(a) over (a, b]. 
= 11{a(b) - a(a)} < E (3) 

Again if f e 9f'(a), then for E > 0 3 
• > 0 such that for all partitions P with µ(P) < ~, 

I U(P, f, a)- L(P, f, a)I < E 

b 

Since S(P, f, a) and Ji da both r be 
ie tween U(P, f, a) and L(P, f , a) for all partitions P a 

with µ(P) < O and for all positions oft. in Ax. 
I 1 • 

b 

S(P, f, a) - J f da < U(P, f, a) - L(P, f, a)< E 
a 

n b 
==> lim S(P, f , a)= lim I. f (r.) Aa. = Jt da 

I I 

a 

1 . . Co~uity is a suffieient condition for integrability of a function. It is not necessary condition. Functions 
wst which are integrable but not continuous. 

Note 2. For continuous function/, lim S(P, f , a) exists and equals J f da . 

Theorem 6. If! is monotonic on [a, b], and if a is continuous on [a, b], then f e 9f{a) . 
[Monotonicity of a is a still assumed.] 

Let E > 0 be a given positive number. 

For any positive integer n, choose, a partition P = {x0, x1, •• • , x.l of [a, b] such that 
a (b) - a(a) . 

Aa; = n , , = l, 2, ... , n 

This is possible because a is continuous and monotonic increasing on the closed interval [a, b] and 
thus assumes every value between its bounds, a (a) and a(b) . 

Letf be monotonic increasing on [a, b], so that its lower and the upper bound, m;, M; in Ax; are 
given by 

m - J(r. ) M -= J(x, ),i = l,2, .. . ,n ;- -i - 1 ' I I 
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n 
U(P, f, a) - L(P, f, a)= I, (M; - .lnj) 4.lj 

l=l 

= a(b)-a(a) f. {f(x,) _ /(X;-i)} 
n i=l 

= a(b) - a(a) {/(b) _ /(a)} 
.n 

< e, for large n ·, 

=> f e 9f(a) over [a, b] 

_ • ar I 

. Note': . . ). i.e., If 3~ · 
t ... '. .. 1 t 

Ci) 1~ continuous.and a · · · 
• {it) /is~ • . is . . . . . 

4.1 Some Examples 

Example 1. A function a increases on [a, b] and is continuous at x' where a S x' Sb. Another 
function/is such that 

f (x') = l, and /(x) = 0, for x :¢: x' 
Prove that 

b 

/ e .~ (a) over [a, b], and J / da = 0 
a 

Let P = {a= Xo, x1, x2, ••• , xn = b} be a partition of [a, b] and let x' e 4.t;. 

But since a is.continuous at x' and increases on [a, b], therefore fore> 0 we can choose o > 0 
such that 

!!,,,a; = a(x1) - a(x; _ 1) < e , for 4.t; < o 
Let, P be a partition with µ(P) < o. Now 

U(P, f, a)= Ila, 
L(P,f,a)=O 

- b f ,/ da = inf U(P, f, a), over all partitions P with µ(P) < o 

=0= f:Jda 

b 

=> f e :# (a), and ff da = 0. 
a 
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Allter, Let P = {a= Xo, X1, ···• xn = b) be a partition of [a, b] and let x' e AX;, X; _ 1 x' > X;· 

By continuity of a at x', for E > 0, 3 a > o such that 
la(x) - a(x')I <½£,for Ix- x'I < a 

Again, since a is an increasing function, we have 

and 

a(x) - a(x') < ½E, for O < x - x' < D 

a(x') - a(x) < ½E, for O < x' - x < D 

Let P be a partition with µ(P) < D. 

In either case 

Ila;= a(X;) - a(X; _ 1) 
= a(x;} - a(x') + a(x') - a(x; _ 1) 

<½E+½E =E , 
ft 

S(P, f, a)= I. f(t;) /la;= f(t .) /la. 
i=l I I 

{
o, t;-¢ x' 

= /la;, t;= x' 

I S(P, f, a) I= 0, -when t; * x' 
< E, when t; = x' 

lim S(P, f, a)= O 
µ(P)-+0 

b 

=> f e 9t'(a) over [a, b], and J f da = O. 
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Example 2. f is a function t,ounded on (-1, I ), are three (unctions /J,, /J,, /l, are defined as follows: 

/3 {
0, X 0 

1(x) = 1 0 

a 

' x> 

{
0, X < 0 

f3z(x) = I, x 0 

{

0, X < 0 

/3/x) = 3, X = 0 
l, x >0 

Prove that f e .rJe (/3
3

) iff/is continuous atx = 0, and then 
I J f d/J3 = f(O) 

- 1 

I 4!1.0 ·•= 
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I..etp -{ I- 0-x x x =l}beapartitionof[-l,l]suchthatx;_ 1 ::0.Let - - -Xo,X1, , .. ,,X;-2, - i-1• ;, ... , IJ · ' 

f;E .dX;, 

Now 

. 
= /(t;-1). ½ + /(t;). (1- ½> 

= ½U(t; ..,1) + /(t;)l 

= f (0) in paiticular when t; _ 1 = 0 = t; 

Clearly t; _ 1 tends to O from below and t; from above, when the norm µ(P) tends to zero. 

(I) 

(2) 

Hence lim S(P, f, a) existswhenboththelimits, lim /(t;_ 1) and lim f(t;) orequivalently 
µ(P)--+O 1;-1 1Ho+O 

lim /(x) and lim /(x), exist, i.e., both /(0-) and /(0+) exist. 

Moreover, from (2) it is evident that these limits are each equal to / (0). In that case 

lim S(P, /, d) = /(0) 

Hence J e 9P(f33) if /(o+) = /(0-) = /(0), i.e., if the function/is continuous at zero and in that 
case 

I ff d/3; = /(0) 
-I 

Also it is clear that/is continuous iflim S(P, f, a) exists. Hence f e 9P(/33) iff/is continuous at 
x=O. 

Example 3. For the functions /31 and {32 defined in Example 2, prove that f32 e R (/Ji), although lim 

S(P, /32 , /31) does not exist, as µ(P) 0. 

Let P = {-1 = x0, Xi, ... , xn = 1} be a partition of [-1, J] such that O e &x r 

Let t;E &x1, when i = 1, 2, 3, ... , n. Now 
n 

S(P, /12, /11) = ,;l2(t;)l/J1(X;) - /J1(X;-1)l 

= /J2(t,) 

:. Jim S(P, /J2, /31) = 0 or I according as t < O or ..., O 
' r ,:;. 

Thus Jim S(P, /32, /31) does not exist. 

Let p• =Pu {OJ, and 0e &x,. 
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Now 

U(P*, /32, /Ji)= l • {/31(x,) - /31(0)} = 1 

L(P*, /32, /Ji)= 1 · {/Ji(x,)- /31(0)} = 1 
Thus 

I 

/32 e 9f(/J1) and J /32 d /Ji= 1 
-1 

Ex. 1. For the functions/, /31 , /32 defined in Example 2, prove that 

(a} f e 9e(/J1} iff /(0+) = /(0) 
and in that case 

I If d/J1=f(0) 
-1 

(b) f E !?l(/32) iff /(0-) = /(0), 

and in that case 

Ex. 2. Show that 

I I fd/32 = f(O) ' 
-1 

4 3 J xd([x] - x) = 2 
0 

where [x] is the greatest integer not exceeding x. 
Ex. 3. Show that 

X 4 

(i) Jd[t]=[x] 'v XE R (ii) J xd[x] = 10 
0 0 

4 2 
(iii) Jxd([xl-x)=2 (iv) Jx2 d(x2) =8 

0 0 

2 3 
(v) j[x]d(x2

) = 3 (vi) J x2 d([x] - x) = 5 
0 0 

I 2.11' 
(vii) J (x2 + ex) d(sgn x) = I ( viii) I . -,r sm x d(cos x) = -

- I JI' 2 

333 



and 
{
o If o~ .r I 

g(.l·) • I lf1 <xS2 

(I) ls / • ,1.f(a)? lho, eompu10 J J' d((J), 
0 

(Ii) J.s g t.~(a)? lho,c.omputc JRd(a). 
(l 

Ex, 5, 6\/1l1UlilC 

{ •"• 0 S XS: 1 
(I) l xda(x), whore a(x) • 2 + x, 1 < x S 2 

[[.\'), 0 S X < 3/2 
(ii) J /(x)d(lx) + .A'), where /(x) • ~,·, 312 s; x S 3 

ll 

5. SOME IMPORTANT THEOREMS 

Mntluw,utkal A!tfAly1/, 

We add a few lhcorcm11 before closing the dl11cusiilon. 
Theorem 7. lf f e .~.a. b) and a Is mnnoto11r incr~<1sl11g ot1 [a, b] such thol a' • ,r;f'(u, b], thtn 

/ e .rf (a), and 
b b f f,la • f fa'dx 
,, d 

Lei 6 > 0 be nny given number. 
Since/ls bounded, there e,dslN M > 0, t1uch I.hot 

l/(.\') j SM, V xe[o.bj 

,¼ain since/, a' o .. ~' la, IJ), therefore fa' o ,•A' I", b] and conNCquently 3 cS1 > O, 82 > O 11uell 
lhal 

I !.f(t,)a'(l1)11x1- J f a' Jx I< e/2 

for µ(P) < 01 and 1111 ,,o A..1·1, nml 

I l:cl(,,) A.r, - fa ' dx I < el4M 
forµ(/>) < 01 und nll ,,a Ax,. 

(l) 

(2) 
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Now for µ(P) < 82 and all t-e Ax. s-e A ( 2) • 
I ,, I uX;, gives 

l:lcx'(t;) - cx'(s;) I Ax;< 2. = 
. 4M 2M 

Let 8 = mm (81, P2), and P any partition with µ(P) < /;. 
Then, for all t-e l1x-, by Lagrange's M u . ' ' ean value Theorem, there are pomts s; e Ax; such that 

aa. = a'(s-)ax. I I I 

Thus 

I :tf(t;) Aa;- J fa' dxl = I Lf(t;)a'(si)ax;- J fa' dxl 
= I L/(t;)a'(t;)Ax;- J fa' dx + l:f(t;)[a'(s;)-a'(t;)]&.x; I 
I L/(t; )a'(t;)Ax; - J fa' dx I+ ll f (t;) I la'(s;) - a'(t;) I &.x; 

E E <-+M-=e 
2 2M 

Hence for any E > 0, 3 8 > 0 such that for all partitions with µ(P) < 8, (5) holds 
b 

=> lim L f (t;) ACX; exists and equals ft a' dx 
µ(P)--+0 

a 

b b 

f e 9i'(a), and J f da = f fa' dx 
a a 

(3) 

(4) 

(5) 

Theorem 8 (A particular case). If f is continpous on [a, b] and a has a continuous derivative on 
[a, b], then 

b b 

ff da = f fa' dx 
a a 

Under the given conditions all the integrals exist. 
Let p ={a= Xo, ... , xn = b} be any partition of [a, b]. Thus, by Lagrange's Mean Value Theorem it 

is possible to find t; e ] X; _ i, X; [, such that 
a(x;) - a(x; _ 1) = a' (t;) (x; - Xj _ 1), i = 1, 2, ... , n 

or 

n 
S(P, f, a)= L J(t;) l1a; 

i=l 

n ') = L f(t;) a'(t;) Ax;= S(P, fa (6) 
i=l 

MIJW R\'tl"Wt i < 
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th th l. ·ts xist we get Proceeding to limits as µ(P) 0, since bo e uru e ., . 
b b J f da = J Ja' dx 
a a 

. . . . . -Stieltjes integrals reduce to RieDJllPll llltegJ'a)a. 
. ,..,pmHtm;u.tesonQQf\tlesilnatJODStnwhith,Reimallll . . p a') e~becaose fa' i& 

~l!til•l!li~lim. S(P, [,a) exists in vie)VofTheorem 5 while lim S( 'f -
lilWbelll!C ~in the~ sense. 

Examples. 
2 i 2 

(i) J x2 dx2 = J x2 2x dx = J 2x
3 

dx = 8 
0 0 0 

2 2 

(ii) J [x]dx2 = J [x]2x dx 
0 0 

I 2 

= J [x]2x dx + f [x]2x dx = 0 + 3 = 3 
0 I 

EL Evaluate the following integrals: 

4 3 

(1) J (x - [x]) dx2 (ii) 

I 
0 • 

3 ,cf}. 

(iii) J [x] d(e") (iv) J x d(sinx) 
0 0 

Theorem 9 (First Mean Value Theorem). If a function f is continuous on [a, b] and a is monotonic 
increasing on [a, b], then there exists a number in [a, b] such that 

b J / da = f(~) {a(b) -a(a)} 
a 

fis continuous and a is monotonic, therefore f e 9/'?(a). 

Let m, Mbe the infimum and supremum of/in [a, b]. Then as in§ 1.1, 
b 

m{a(b) - a(a)} s J f da s M {a(b) - a(~)} 
a 

Hence there exists a number µ, m S µ S M such that 

b J f da = µ{a(b) - a(a).} 
a 



l 
I 
.. 

1k Rimtalm-Stiebjes l,uegrol 

Again, since /is continuous, there exists a number~ e (a, b) such that /(~) = µ 
b 

JI da = /(~) {a(b) -a(a)} 
a 

...._ It ruy aot be possible always to cboosc r-SUeb that a < < b. 

{
0,x=a OJmidcr a(.r) = 
l.a<x$b 

For a 0Qlltinuous function/. we have 
b 

J f da = f (a)= /(a) {a(b) - a(a)} 
a 

Theorem 10. [ff is continuous and a monotone on [a, b], then 

b b 

J f da =[f(x)a(x)fa - Jadf 
a a 

Under the given conditions all the integrals exist by Theorem 5. 
Let P = {a= Xo, x1, •• • , x" = b} be a partition of [a, b]. 

Choose f1, ti, ... , tn such that X;-1 t; $ X;, and let to= a, tn+ l = b, so that ti-I$ X;-1 $ !;-

Clearly Q = { a, = t0, t1, t2, ••• , t", t" + 1 = b} is also a partition of [a, b ]. 
Now 

n 
S(P, f, a)= L J(t;)ll.a; 

i=I 

= f (t1 )[a(Xi_) - a(x0)] + /(t2)[a(x2) - a(x1)] + ... 
+ J(tn)[a(xn) - a(xn-1)] 

= -a(.xo)/(t1) - a(4 )[/(t2)- /(t1)] + a(x2)[f(t3) - /(t2)l + •·· 
+ a(xn-1)lf(tn) - /(tn-1)] + a(xn) f(tn) 

Adding and subtracting a(x0 ) f (t0 ) + a(x") f (t n + 1), we get 

n 
S(P, f, a)= a(xn)f(tn+i)-a(:xo)f(to)- i;

0
a(x;){/(t; +1)- f(t;)} 

337 

= J(b)a(b) - f (a) a(a) - S(Q, a, f) (1) 

If µ(P) o, then µ(Q) o and Theorem 5 shows that lim S(P, f, a) and lim S(Q, a, f) 

both exist and that 
b 

lim S(P, f, a) = J f da 
a 
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and 
b 

lim S(Q, a, f) = f adf 
a 

Hmcc proceeding to limits when µ(P) 0, we get from (1), 

b b J f da = [/(x) a(x) ! -J a df 
a 

a 

where [/(x) a(x)! denotes the difference /(b)a(b) - f(a)a(a). 

I• f 'Ilic.,._ bold& wben one of die functioas is cootmaous and the other IIIOIIOfD&. 
,._, 'l'llc thealaaiarimilar to the theorem. 'lnMgration by parts.' for Ri~ integration. 

(2) 

Corollary. The result of the theorem can be put in a slightly different form, by using Theorem 9, if, in 
addition to monotonicity a is continuous also 

where e [a, b]. 

b b J f da = f(b)a(b)- f(a)a(a) - J adf 
a a 

= f (b)a(b) - f (a)a(a) - a(~) [f (b) - /(a)] 

= f (b)[a(~) - a(a)] + f (b) [a(b) - a(~)] 

Stated in this form. it is called the Second Mean V aloe Theorem. 

Theorem 11 ( Change of variable). If 
(i) f is a continuous function on [a, bJ, and 

(ii) q, is a continuous and strictly monotonic function on [a, /3) where a = q,(a), b = q,(/J) 
then 

b fJ f f(x) dx = J J(q,(y)) d</J(y) 
II a 

[ Change of variable in If (x) dx by putting x = ,(y)] 
Let q, be strictly monotonic increasing. 
Since q, is strictly monotonic, it is invertible, i.e., 

x = </J(y) Y = q,- •(x), '<:/ x e [a, b] 
so that 
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Let 

be any partition of [a, b], and 
P={a=x x b} o, I• X2, •••• Xn = 

Q = (a = y y y R) -1 0• I• 2• •.• , Yn = fl , Y; = tp (x;) 
be the corresponding partition of (a, /J], so that 

Ax;= X; - X;_, = tp(y;), 'P(Y;-1) = litp; 
Again, for any ~i e !ix;, let Tl; e 11 Y; where 

Putting g(y) = /(tp(y)), we have 

S(P, f) =~/(~;)!ix; 
I 

= S(Q, g, tp) 

b 

339 

(1) 

(2) 

(3) 

Continuity off implies that S(P, f) J f dx as µ(P) 0. Also continuity of g implies (by 
a 

fJ 
Theorem 5) that S(Q, g, 4') Jg(y)dq, as µ(P) 0. 

a 
Since uniform continuity of 'P on [a, /j] implies that µ(Q) 0 as µ(P) 0, therefore letting 

µ(P) 0 in (3), we get 
b fJ p f f(x)dx = f g(y)dtp = J f(tp(y))dtp(y). 
a a a 



{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}


{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}

