
Numerical methods for differential and integro-differential equation

My main research interest concerns with the numerical and analytical study of nonlinear sin-
gular differential equations and population balances (partial integro-differential equations of
hyperbolic or parabolic type).

Many boundary value problems (BVPs) arising in physical science and applied mathematics
involve ordinary differential equations subject to two-point boundary conditions. In general,
it is very difficult to obtain analytical solutions of nonlinear boundary value problems. More
difficulties arise when we deal with nonlinear singular boundary value problems. The solutions
of these problems are not trivial because of the singularity. The one dimensional nonlinear
singular differential equation is given by
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with appropriate boundary conditions. The singular problem (1) with p = q = xα where
α = 0, 1, 2 arises in the study of various tumor growth problems with f(x, y) = θy

y+κ , and α = 2
in the study of steady-state oxygen diffusion in a spherical cell with Michaelis-Menten uptake
kinetics [Lin, 1976]. A similar problem arises in modelling of heat conduction in human head
[Gray, 1980] with α = 2 and f(x, y) = −δe−θy where θ, δ are positive constants. The singular
problem (1) is also called Emden-Fowler equation.

A one dimensional fragmentation (breakage) population balance equation is given by

∂u(t, x)

∂t
=

∞∫
x

b(x, y)u(t, y)s(y)dy − s(x)u(t, x), (2)

with appropriate initial and boundary conditions. Here b(x, y) is the breakage function for the
formation of particles of size x from particle of size y at time t. Selection function s(y) describes
the rate at which particles are selected to break. In a breakage process, particles break into
two or many fragments. Breakage has a significant effect on the number of particles. The total
number of particles in a breakage process increases while the total mass remains constant.

The one dimensional aggregation population balance equation is given by

∂u(t, x)
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=
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x∫
0

a(x− y, y)u(t, x− y)u(t, y)dy −
∞∫
0

a(x, y)u(t, x)u(t, y)dy, (3)

with appropriate initial and boundary conditions. Here u(t, x) represents the concentration of
particles of size x at time t. Here, a(x, y) is the aggregation kernel, which describes the rate at
which the particles of sizes x and y coagulate to form a particle of size x+ y. It is non-negative
and symmetric. The first term on the right hand side of (3) gives the rate of change of particles
of size x due to aggregation of particles of size x − y and y. The second term represents the
depletion of particles of size x by particles coagulating with particles of other size.

Analytical results are available only for a limited number of simple problems and therefore
numerical or semi-numerical methods are frequently needed to solve considered models. There
are several numerical schemes in the literature for solving such models. Unfortunately, most
of these existing techniques involve a huge amount of computational work which require root-
finding techniques, linearization, discretization and a need of solving a large system of nonlinear
equations to get a numerical solutions. This led to a clear motivation for the development of
some new numerical or semi-numerical schemes.
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