
Nonlinear singular boundary value problems

Many boundary value problems arising in physical science and applied mathematics involve
ordinary differential equations subject to two-point boundary conditions. In general, it is very
difficult to obtain analytical solutions of nonlinear boundary value problems. More difficulties
arise when we deal with nonlinear singular boundary value problems. The solutions of these
problems are not trivial because of the singularity. The one dimensional nonlinear singular
differential equation is given by

1

q(x)

(
p(x)y′(x)

)′
= f(x, y(x)), ′ ≡ d

dx
(1)

with appropriate boundary conditions. The singular problem (2) with p = q = xα where
α = 0, 1, 2 arises in the study of various tumor growth problems with f(x, y) = θy

y+κ , where θ, κ
are positive constants and α = 2 in the study of steady-state oxygen diffusion in a spherical
cell with Michaelis-Menten uptake kinetics [Lin, 1976]. A similar problem arises in modelling
of heat conduction in human head [Gray, 1980] with α = 2 and f(x, y) = −δe−θy where θ, δ are
positive constants.

The time dependent Emden-Fowler equations is given by
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with appropriate boundary conditions. Here u is the temperature, f(x, t)F (u) + h(x, t) is the
nonlinear heat source and t is the dimensionless time variable. For the steady-state case with
h(x, t) = 0, Eq. (2) is the Emden-Fowler equation given by
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For f(x) = 1 and F (u) = un, this equation is known as the standard Lane-Emden equation of
the first kind, whereas the second kind is obtained when F (u) = eu. It is well-known that the
Lane–Emden equation is used in modelling a thermal explosion in either an infinite cylinder
(α = 1) or a sphere (α = 2), where α is the shape factor of the equation.

Analytical results are available only for a limited number of simple problems and therefore
numerical or semi-numerical methods are frequently needed to solve considered models. There
are several numerical schemes in the literature for solving such models. Unfortunately, most
of these existing techniques involve a huge amount of computational work which require root-
finding techniques, linearization, discretization and a need of solving a large system of nonlinear
equations to get a numerical solutions. This led to a clear motivation for the development of
some new numerical or semi-numerical schemes.
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