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   CO BL 
Q.1(a) State and Prove Holder’s inequality. [5] 1 2 
Q.1(b) Let X be a metric space. Let E and F be disjoint nonempty closed subsets of X. Prove that 

there is a continuous function f: 𝑋 → [0,1] such that 𝑓|ா=0 and 𝑓ி=1. 
 

[5] 1 3 

     
Q.2(a) Let X be a normed  space and  Y be a subspace  of X with 𝑌 ≠ 𝑋. Let r be a real number 

such that 0 < 𝑟 < 1. Prove that there exists some  r >0 such that ||𝑥௥|| = 1 and 𝑟 <
𝑑𝑖𝑠𝑡(𝑥௥ , 𝑌) ≤ 1. 
 

[5] 2 3 

Q.2(b) Let X and Y be a normed spaces and 𝐹: 𝑋 → 𝑌 be a linear map. If F is continuous on X, 
then prove that F is uniformly continuous on X. 

[5] 2 3 

     
Q.3(a) State and prove closed graph theorem. [5] 3 2 
Q.3(b) Let X be a nls over K and E1 and E2 nonempty disjoint conves subsets of X with E1 open. 

Prove that there exist  𝑓 ∈ 𝑋ᇱ and α ∈ 𝑅 such that 𝑅𝑒𝑓(𝑥ଵ) < α ≤ 𝑅𝑒𝑓(𝑥ଶ) for all 𝑥ଵ ∈ 𝐸ଵ 
and 𝑥ଶ ∈ 𝐸ଶ. 
 

[5] 3 3 

     
Q.4(a) Let <.,> be an  inner product on a linear space X. For 𝑥 ∈ 𝑋, let  ||𝑥|| denote  a non-

negative square root of < 𝑥, 𝑥 >. Then prove that | < 𝑥, 𝑦 > ≤ ||𝑥|| ||𝑦|| for every 𝑥, 𝑦 ∈ 𝑋, 
where equality holds if and only if x  and y are linearly dependent. 
 

[5] 4 3 

Q.4(b) State and prove Polarization identity in an inner product space. [5] 4 3 
     

Q.5(a) Let {𝑥ଵ, 𝑥ଶ, … , 𝑥௡} be an orthogonal set in an inner product space X. The prove that    

ห|𝑥ଵ + 𝑥ଶ + ⋯ + 𝑥௡|ห
ଶ

= ห|𝑥ଵ|ห
ଶ

+ ห|𝑥ଶ|ห
ଶ

+ ⋯ + ห|𝑥௡|ห
ଶ

. 
 

[5]  2 

Q.5(b) Let {𝑢ଵ, 𝑢ଶ, … , 𝑢௠} be an orthonormal set in X. Then prove that for every 𝑥 ∈ 𝑋,  

෍ < 𝑥, 𝑢௡ > |ଶ ≤ ห|𝑥|ห
ଶ

,

௠

௡ୀଵ

 

Where the equality holds iff 𝑥 ∈ 𝑠𝑝𝑎𝑛{𝑢ଵ, 𝑢ଶ, … , 𝑢௠}. 
 

[5]  3 
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