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   CO BL 
Q.1(a) Prove that a function 𝑓 of bounded variation on [𝑎, 𝑏] can be expressed as the difference 

of two monotone increasing functions. 
[5] 1 3 

Q.1(b) Suppose 𝑓, 𝑔  are of bounded variation on [𝑎, 𝑏]. Show that  𝑓 + 𝑔 is also of bounded 
variation on [𝑎, 𝑏]. 

[5] 1 1 

     
     

Q.2(a) Consider the real valued function  𝑓: [0, 5] → ℝ  defined by  𝑓(𝑥) = [𝑥], greatest integer 
function less than or equal to 𝑥. Prove that  𝑓 is Riemann integrable and find the value of 
the integral. 

[5] 2 3 

Q.2(b) Let  𝑓(𝑥) = 𝑥ଷ  on  [0, 2].  Is 𝑓  Riemann integrable? If so, find the value of the integral  

∫ 𝑓(𝑥)𝑑𝑥
ଶ

଴
. 

 

[5] 2 1 

     
     

Q.3(a) Show that a set whose outer measure is zero is measurable. Hence, conclude that every 
countable set is measurable. 

[5] 3 1 

Q.3(b) Suppose  𝑓, 𝑔  are measurable functions defined over a measurable set 𝐸. Prove that  {𝑥 ∈
𝐸: 𝑓(𝑥) > 𝑔(𝑥)}  is measurable. 
 

[5] 3 3 

     
     

Q.4(a) Let  𝑓, 𝑔   be bounded measurable functions on a set of finite measure  𝐸   and 𝑓 = 𝑔  
almost everywhere. Prove that  ∫ 𝑓

ா
= ∫ 𝑔

ா
. 

 

[5] 4 3 

Q.4(b) Suppose 𝑓 is a non-negative measurable function on 𝐸  and ∫ 𝑓
ா

= 0. Show that  𝑓 = 0 
almost everywhere on 𝐸. 

[5] 4 1 

     
     

Q.5(a) State Fatou’s Lemma and use it to prove the monotone convergence theorem. [5] 5 3 
Q.5(b) Suppose {𝑓௡}  is a sequence of non-negative measurable functions on a measurable set 𝐸 

that converges pointwise on 𝐸  to the function 𝑓.  Suppose  𝑓௡ ≤ 𝑓  on 𝐸  for each 𝑛 ∈ ℕ.  
Prove that   lim

௡→ஶ
∫ 𝑓௡ = ∫ 𝑓  over  𝐸. 

 

[5] 5 3 
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