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Q.1(a) Show that a monotone increasing function  𝑓 on [𝑎, 𝑏]  is of bounded variation on  

[𝑎, 𝑏]. 
[5] CO1 BT1 

Q.1(b) Prove that a function 𝑓  of bounded variation on  [𝑎, 𝑏] can be expressed as the 
difference of two monotone increasing functions. 
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Q.2(a) Consider the real valued function 𝑓: [1, 2] → ℝdefined by  𝑓(𝑥) = ቄ
−1
1

   
𝑥 𝑖𝑠 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙
𝑥  𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙

 

Show that 𝑓 is not Riemann integrable. 

[5] CO2 BT1 

Q.2(b) Suppose the real valued function 𝑓: [𝑐, 𝑑] → ℝ  is continuous and  𝛼 ∶ [𝑐, 𝑑] → ℝ  is 

monotone increasing. Prove that there exists a point 𝜁 ∈ [𝑐, 𝑑]  such  that  ∫ 𝑓 𝑑𝛼
ௗ

௖
=

𝑓(𝜁)[𝛼(𝑑) − 𝛼(𝑐)]. 

[5] CO2 BT3 

     
     

Q.3 Prove that the outer measure of an interval in the real line  ℝ  equals the length of 
the interval. Use it to find the outer measure of the set   [0, 1] ∖ ℚ. 

[10] CO3 BT3, 
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Q.4 Given a bounded measurable function 𝑓 on a measurable set  𝐸 of finite measure.  
Show that 𝑓  is Lebesgue integrable over 𝐸. 
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Q.5 Suppose {𝑓௡}  is a sequence of non negative measurable functions on a measurable 
set 𝐸 that converges pointwise on 𝐸  to the function 𝑓.  Suppose  𝑓௡ ≤ 𝑓  on 𝐸  for 
each 𝑛 ∈ ℕ.  Prove that  
  lim

௡→ஶ
∫ 𝑓௡ = ∫ 𝑓  over  𝐸. 

[10] CO5 BT3 
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