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Q.1(a) 

 
 

Let 𝑙௣(𝑝 ≥ 1) consist of all the sequences 𝑥 = {𝑥௡} of complex numbers such that 
∑ |𝑥௡|௣ஶ

௡ୀଵ < ∞. Define d:𝑙௣ × 𝑙௣ → ℝ by 𝑑(𝑥, 𝑦) =  (∑ |𝑥௡ − 𝑦௡|௣ஶ
௡ୀଵ )ଵ/௣, 𝑥 =  {𝑥௡}, y = 

{𝑦௡}. Show that ‘d’ is a metric on 𝑙௣. 

[5]   3     1 

Q.1(b)  [5] 3 2 
 Show that a compact set in a metric space is closed and bounded. Does the converse 

hold?- Explain. 
   

     
Q.2(a) Define equivalent norms.  On ℝ௡ for 𝑥 =  (𝑥ଵ,   𝑥ଶ, … , 𝑥௡) , define ||𝑥||ଵ =  ∑ |𝑥௜|

௡
௜ୀଵ  and 

||𝑥||ஶ = max{|𝑥௜|,   1 ≤ 𝑖 ≤ 𝑛}.  Are || ||ଵ and || ||ஶ  equivalent?  Explain. 
[5] 2,3 2 

Q.2(b) State Hahn-Banach theorem. Using it or otherwise show that first dual of a non-trivial 
normed space X is nonempty. 

[5] 3 3 

     
     

Q.3(a) State and prove the closed graph theorem. [5] 3 3 
Q.3(b) Show that the norm on an inner product space satisfies parallelogram laws and hence or 

otherwise show that the norm on 𝑙௣  with 𝑝 ≠ 2 is not induced by an inner product. 
[5] 3 3 

     
Q.4(a) Define orthogonal and orthonormal set in an inner product space. Show that a finite 

orthonormal set is linearly independent. 
[5] 1           1,3 

Q.4(b) Consider C[−1, 1] with inner product defined as < 𝑥, 𝑦 >= ∫ 𝑥(𝑡)𝑦ത
ଵ

ିଵ
(𝑡)𝑑𝑡 and consider the 

set {𝑡ଷ, 𝑡ଶ, 𝑡}. Orthonormalize it by Gram-Schmidt process in the said order. 

[5]   1      3 

     
Q.5(a) Define adjoint and self-adjoint operators. Define an inner product on ℂ௡  by < 𝑥, 𝑦 > =

 𝑥்𝑦.ഥ  Let 𝑇: ℂ௡ → ℂ௡ be a self-adjoint operator. What will be the nature of the matrix 
representing 𝑇 with respect to usual basis on ℂ௡? Explain. 

[5]   4      1,2    

Q.5(b) Define an unitary operator. Show that a bounded linear operator 𝑇 on a complex Hilbert 
space H is unitary if and only if 𝑇 is isometric and surjective. 

[5]  4          3     
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